Takahashi et al have shown that every decreasing sequence of nonempty, bounded, closed, convex subsets of a complete, uniformly (Takahashi's) W − convex metric space has nonempty intersection. This article presents an extension of this nonempty intersection property of W − convex metric space to a Menger convex metric space. We study some characteristics of the Menger convex metric spaces. Using these results, fixed point results for (α, β)− generalized hybrid mapping on Menger convex metric space are discussed. As an application, it is discussed how these results are applicable to a metrizable topological real vector space with some specific Takahashi's W − convex structure on it.
Introduction
The concept of convex structure on a space is not only limited to a vector space but also many interesting extensions of the convex structures to metric spaces, even to topological spaces have appeared in recent years. In 1970, Takahashi ([22] ) introduced a convex structure on a metric space which is sometimes called W − convex structure and is a generalization of the convex structure in normed spaces. Earlier to it, in 1928, Menger ([16] ) proposed another concept of convexity in a metric space, which is known as Menger convexity and is a generalization of Takahashi's convex structure. Later in 1997, Taskovic ([23] ) introduced a convex structure on topological spaces which is known as general convex structure and is a generalization of Takahashi's convexity (see also [12] , [24] ). Takahashi ([22] ) defines the convexity on a metric space (X, d) as follows: Definition 1.2. A metric space (X, d) is said to be Menger convex metric space if ∀x, y ∈ X, x = y, there is a point z ∈ X, z = x, z = y such that d(x, y) = d(x, z) + d(z, y). W − convex metric spaces, the set of rationals Q with the usual metric |x−y| are Menger convex metric spaces. Discrete metric space is not Menger convex.
In [14] , a class of nonspreading mappings in Banach spaces is introduced by Kohsaka and Takahashi, and fixed point results of these mappings are discussed. This class of nonspreading mappings contains the class of firmly nonexpansive mappings in Banach spaces and in Hilbert spaces. (See also [15] ) A mapping T : X → X is said to be metrically nonspreading iff 2d(T x, T y) 2 ≤ d(x, T y) 2 + d(T x, y) 2 , ∀x, y ∈ X.
In [4] , Browder has studied the nonexpansive mapping and its some fixed point results in Banach spaces. A mapping T : X → X is said to be nonexpansive iff d(T x, T y) ≤ d(x, y), ∀x, y ∈ X. The class of (α, β)− generalized hybrid mappings contains the classes of nonexpansive mappings, metrically nonspreading mappings.
There are some marvellous nonempty intersection theorems in convexly structured metric spaces. Klee's Theorem ( [13] ) says that every infinite dimensional normed spaces has a decreasing sequence of unbounded but linearly bounded, closed, convex subsets with nonempty intersection. Smulian's Theorem ( [2] ) states that a normed space X is reflexive if and only if every decreasing sequence of nonempty, closed, bounded, convex subsets of X has nonempty intersection. Further, in a more general convex structure i.e. in W − convex structure, Takahashi et al ( [19] ) have shown that every decreasing sequence of nonempty, bounded, closed, convex subsets of a complete, uniformly W -convex metric space X has nonempty intersection.
However, no researchers have studied the nonempty intersection properties in Menger convex structure which is more general than W −convex structure. In this article, we study nonempty intersection properties in a Menger convex metric space. The obtained nonempty intersection properties also provide an extension of Takahashi et al's nonempty intersection result ( [19] ) of W − convex metric space to a Menger convex metric space. We discuss some characteristics of Menger convex metric spaces. Using the obtained results, we derive the fixed point results for (α, β)− generalized hybrid mapping on a Menger convex metric space. Finally, it is discussed how the obtained results hold for a metrizable topological real vector space with some specific Takahashi's W − convex structure on it.
Preliminaries
W -convexity is a generalization of the usual convexity in a normed space. A nonempty subset C of a W -convex metric space (X, d) is said to be convex if W (x, y, λ) ∈ C for all x, y ∈ C, λ ∈ [0, 1]. A normed space and each of its convex subsets are W − convex metric spaces with convex structure λx + (1 − λ)y, λ ∈ [0, 1]. We use the following notations in this article:
(1) A(X) = {A ⊂ X : A is nonempty, closed and bounded in X},
d(x, y), for a subset A of a metric space (X, d). are convex subsets of X. The intersection of an arbitrary family of convex subsets of a W -convex metric space X is also a convex subset of X. (see Propositions 1, 2 in [22] ). Some other important properties of W -convex metric spaces can be seen in [20] .
Menger convexity is also defined as follows which is equivalent to the definition 1.2. There are some W -convex metric spaces which don't have the property (A), for example, the normed spaces (l 1 , · 1 ) and (l ∞ , · ∞ ) do not have the property (A) (see the examples 3.8 and 3.9); and in these normed spaces, when treated as Menger convex metric spaces, the closed ball B[0, 1] is not convex. In Theorem 3.2 we shall see that the uniformly W −convex metric spaces have the property (A). 
If ∀x, y, x = y, in a complete metric space (X, d), there exists a point z ∈ X such that d(x, z) = d(z, y) = 1 2 d(x, y), then X is a geodesic metric space.
Menger Convex Metric Spaces
In this section, we discuss the Menger convex metric spaces with the uniform convexity and with generalizations of the property (B) which we shall define. Later we characterize the set (metric line segment) [x, y].
UNIFORM CONVEXITY.
In [19] , it is asserted that the uniformly convex Banach spaces are uniformly W − convex metric spaces. Is a uniformly convex Banach space a uniformly Menger convex metric space, or is a uniformly W − convex metric space a uniformly Menger convex metric space? A Menger convex metric space requires the property (A) to be uniformly convex. So lets check first whether the uniformly W − convex metric spaces have the property (A) or not. Proof. Let (X, d) be a uniformly W − convex metric space. Let x, y ∈ X be distinct and z 1 ,
be two distinct elements. Then we can choose an ǫ > 0 such that
.
Adding these two inequalities we get, d(x, y) < d(x, y) which is a contradiction. So z 1 = z 2 . Hence the theorem is proved.
Hence, immediately we have the following corollaries. Proof. Uniformly convex Banach spaces are uniformly W − convex metric spaces [19] . Proof. For 1 < p < ∞, the normed spaces L p and l p are uniformly convex Banach spaces [7] .
The following lemma gives an equivalent definition of Menger convex metric space and is a useful tool to discuss some of our further examples and results.
Proof. Since X is a Menger convex metric space, for x, y ∈ X, x = y and for t ∈ (0, 1), we have
Hence proved.
Example 3.6. Let f (x) = 0 and g(x) = 2 be in the normed space X = (L 1 [0, 1], · 1 ), and t = 1 2 . Let a ∈ (0, 1) and a mapping h a on [0, 1] be defined as:
Thus, the normed space X does not have the property (A). 
Hence, the space X does not have the property (A).
Example 3.8. Let n ∈ N, n ≥ 2, be fixed; x = (0, 0, 0, ...), y = (2/n, 2/n, ..., 2/n, n times 0, 0, 0, ...) be in the normed space (l 1 , · 1 ), and t = 1/2. For some given
., x n , 0, 0, 0, ...) such that x i = 0, x j = 2/n, and x p = 1/n ∀ p = i. Then, the set
Thus, the space (l 1 , · 1 ) does not have the property (A). Example 3.9. Let x = (0, 0, 0, ...) and y = (2, 0, 0, 0, ...) be in the normed
From the definition of uniformly Menger convex metric space 2.6 and Theorem 3.1, we have the following result. [19] is a nonempty intersection property in a W − convex metric space. It asserts that if X is a complete, uniformly W − convex metric space, then every decreasing sequence of nonempty, bounded, closed, convex subsets of X has nonempty intersection. It can be easily seen that this nonempty intersection property also holds in a complete, uniformly Menger convex metric space, i.e. Theorem 3.13. Every decreasing sequence of nonempty, bounded, closed, convex subsets of a complete, uniformly Menger convex metric space has nonempty intersection.
3.2.
Generalizations of the Property (B). We generalize the property (B) of a Menger convex metric space in the following ways. An example for the property (B ′′ ) can be given as follows: (1) , r (1) ] be a closed ball in the interior of B 1 (n) . Similarly, for a fixed y (1) ∈ B 1(n) [x (1) , r (1) ] o , we can find C 2 := C B 2 (n) , y, (0, t 2 ] ⊂ C 1 and a new closed ball B 2(n) [x (2) , r (2) ] in the interior of B 2 (n) , where B 2 (n) := co B ∪ 1(n) [c(x (1) , y (1) , t * ), t * , r] . Proceeding this way, we have the decreasing sequence of closed sets:
and δ(C m ) → 0.
Hence, by Cantor's Intersection Theorem, ∞ m=1 C m is a singleton set, let it be {b n x }. We call such a b n x an intersection-point in K n . Let I 1 n be the collection of all such intersection-points in K n . Then I 1 n+1 ⊂ I 1 n . Again, let I m+1 n be the collection of all such intersection-points inĉoI m n . Then, we get the following nested sequence K n ⊃ĉoI 1 n ⊃ĉoI 2 n ⊃ĉoI 3 n ⊃ ... .
Let
∞ m=1ĉ oI m n =Ĉ n = φ. Then two cases arise: eitherĈ n contains a single element or infinitely (uncountably) many elements. In the second case, let u n , v n ∈Ĉ n be the diametral points ofĈ n and w n ∈ c(u n , v n , 1 2 ). Then coI m n C(ĉoI m n , w n , t), ∀m ∈ N, t ∈ (0, 1) and, C(ĉoI 1 n , w n , t) ⊃ C(ĉoI 2 n , w n , t) ⊃ C(ĉoI 3 n , w n , t) ⊃ ... , t ∈ (0, 1). Further, for each ǫ > 0, p ∈ N there exists t 1 ∈ (0, 1) such that δ(C(ĉoI p n , w n , t)) < ǫ, ∀t > t 1 . Hence, by Cantor's Intersection Theorem 
Hence, [x, y] is complete. A normed space X is a W − convex metric space with a W − convex structure tx + (1 − t)y. For x, y ∈ X, x = y, t 1 , t 2 ∈ [0, 1], t 1 < t 2 ; the points
Also a CAT(0) sapce X (see [5] , [6] , [9] ) is a W − convex metric space with a W − convex structure tx ⊕ (1 − t)y, and in this geodesic metric space X the same betweenness property of the between points of x, y holds i.e. if x, y ∈ X, x = y, t 1 , t 2 ∈ [0, 1], t 1 < t 2 , then the points
Although, in a Menger convex metric space X this betweenness property generally does not hold, for example, Example 3.26. Let x = (0, 0, 0, ...), y = (2, 0, 0, 0, ...) be in the metric space X = (l ∞ , · ∞ ), and t 1 = 1 4 , t 2 = 1 2 . Then S ∩
. Let x 1 = ( 1 2 , 0, 0, 0, ...) ∈ S ∩ t 1 and x 2 = (1, 1, 1, ...) ∈ S ∩ t 2 . Then, d(x 1 , x 2 ) + d(x 2 , y) = 2 = d(x 1 , y) = 3 2 =⇒ x 2 ∈ x 1 , y . Thus we have the following proposition. Proposition 3.27. Let x, y, x = y, be in a Menger convex metric space X and t 1 , t 2 ∈ (0, 1), t 1 < t 2 . Let
Then, x 1 may not be in the line segment [x, x 2 ], or x 2 may not be in the line segment [x 1 , y]. The property (B ′′ ) induces an uncountable family of contraction mappings {c(·, y, t) : t ∈ (0, 1), c : X → A(X)}, where y ∈ X is fixed.
Fixed Point Theorems
Theorem 4.2. Let X be a proper, Menger convex metric space satisfying the property (B ′′ ) and y ∈ X be fixed. Then the set S = {c(·, y, t) : t ∈ (0, 1), c : X → A(X)} is a left-reversible semigroup of contraction mappings c having a common fixed point y.
Proof. Let (X, d) be a proper Menger convex metric space. For c 1 (·, y, t 1 ), c 2 (·, y, t 2 ) ∈ S; c 1 • c 2 is defined as, (c 1 • c 2 )(x) = z∈c 2 (x) c 1 (z). Then, ∀x, z ∈ X, t 1 , t 2 ∈ (0, 1), we have H(c 1 (c 2 (x, y, t 2 ), y, t 1 ), c 1 (c 2 (z, y, t 2 ), y, t 1 )) ≤ t 1 H(c 2 (x, y, t 2 ), c 2 (z, y, t 2 )) ≤ t 1 t 2 d(x, z) .
And,
Thus, S is left-reversible semigroup. Clearly, y = c(y, y, t), for t ∈ (0, 1). Hence proved. Example 4.6. In the W − convex metric spaces (l 1 , · 1 ) and (l ∞ , · ∞ ), the mapping d(u, ·) is not a Menger convex function.
In the following results, we discuss for the fixed point results of an (α, β)− generalized hybrid mapping on Menger convex metric space with the property (B ′ ). It may be noted that the results for uniformly W − convex metric space similar to Lemma 4.7 and Theorem 4.8 can be found in the work of Phuengrattana et al ( [18] ). A real-valued function f on a subset U of a Menger metric space X is said to be d-coercive if, whenever for a sequence This implies B(x, r) ⊂ K n which is a contradiction to B(x, r)∩(U \K n ) = φ. Hence, K n+1 ⊂ K n o . K ′ n s are bounded also, for, if K ′ n s are not bounded, then there exists a sequence (x m ) in K n such that d(x m , x) → ∞ for some x ∈ K n . This implies f (x m ) → ∞, which is a contradiction. Hence . So by Theorem 3.18, 
Thus, f is a convex mapping. From the definition of Hausdorff metric, for p ∈ c(T n x, u, 1 2 ) and ǫ > 0, ∃q ∈ c(T n x, v, 1 2 ) such that d(p, q) ≤ H(c(T n x, u, 1 2 ), c(T n x, v, 1 2 )) + ǫ. Now, using the property B ′ , we have
i.e. f (u p ) → ∞, as p → ∞.
This implies, f is a d-coercive mapping. Hence by Lemma 4.7, there exists a u 0 ∈ U such that f (u 0 ) = inf x∈U f (x). We prove this u 0 is unique.
Let u 1 , u 2 be two distinct elements in U such that f (u 1 ) = f (u 2 ) = α and p 1 ∈ c(T n x, u 1 , 1 2 ), p 2 ∈ c(T n x, u 2 , 1 2 ). This implies that for each ǫ ∈ (0, 1] there exists N ∈ N such that d T n x, p 1 < α + ǫ, d T n x, p 2 < α + ǫ, ∀n ≥ N.
Again, from the definition of Hausdorff metric, for T n x and ǫ ′ > 0, there is a q ∈ c(p 1 , p 2 , 1 2 ) such that d(T n x, q) ≤ H(T n x, c(p 1 , p 2 , 1 2 )) + ǫ ′ . Now, from the property (B ′ ), for n ≥ N
[H(T n x, c(T n x, p 1 , 1 2 )) + H(c(p 1 , p 2 , 1 2 ), c(T n x, p 1 , 1 2 ))] + ǫ 1
which is a contradiction. Hence, u 1 = u 2 . Since T is an (α, β)-generalized hybrid, so we have Proof. From Theorem ?? and the property (C), the set [x, y] is closed and convex, respectively. Hence proved.
We note that Lemma 4.7, Theorem 4.8 and Corollary 4.9, hold for the property (B) also.
An Application
We know, a normed space has always a W − convex structure λx+(1−λ)y. What does there happen to a metrizable topological real vector space X if it has the W − convex structure λx + (1 − λ)y? Does it turn to a real normed space? In the next result, we see that the space X with the W − convex structure λx + (1 − λ)y turns to a real normed space. Hence, Theorems 3.13, 3.18, 3.23, 4.2, 4.8, and Corollaries 3.19, 4.9 hold for a metrizable topological real vector space X with the W − convex structure λx + (1 − λ)y on it.
Theorem 5.1. Let (X, τ ) be a metrizable topological real vector space and the topology τ be induced by a metric d. If W (x, y, λ) = λx + (1 − λ)y is a convex structure on X, then the topological vector space (X, τ ) is a real normed space.
Proof. Since W (x, y, λ) = λx + (1 − λ)y is a convex structure on X, so by the definition 1.1, we have d(0, λx + (1 − λ)y) ≤ λd(0, x) + (1 − λ)d(0, y), ∀x, y ∈ X, λ ∈ [0, 1] =⇒ d(0, λx) ≤ λd(0, x), ∀x ∈ X, λ ∈ [0, 1]. Let p ∈ R. If p ≥ 1, then p = n + r, for some n ∈ N, r ∈ [0, 1). Now, =⇒ |α|d(0, x) ≤ d(0, αx) ≤ |α|d(0, x). Hence, we get ( . 0, αx) = |α|d(0, x), ∀α ∈ R. Since every vector topology is translation invariant, the theorem is proved.
